Abstract: Rational CFT's are classified by an integer , the number of zeroes of the Wronskian of their characters in moduli space. For = 0 they satisfy non-singular modularinvariant differential equations, while for > 0 the corresponding equations have singularities. We survey CFT's with two characters and = 0, 2, 3, 4 and verify the consistency, at the level of characters, of some candidate theories with = 0. For = 2 there are seven consistents sets of characters. We identify specific combinations of level-1 current algebras that are potential symmetries of the corresponding CFT's.
Introduction
The characters of rational conformal field theories in 2 dimensions (see for example Ref. [1] ) are a set of p holomorphic functions χ i (τ ) on the moduli space of the torus, such that the CFT partition function can be written as a bilinear:
M ij χ i (τ )χ j (τ ) (1.1)
The characters have a power series expansion:
n q α i +n , i = 0, 1, · · · , n − 1 (1.2) where q = e 2πiτ . Here α i are the exponents, corresponding to h i − c 24 where h i are the conformal dimensions of the primaries and c is the central charge. The index i = 0 corresponds to the identity character, for which h 0 = 0, while the remaining indices label characters over different primaries of the theory. If there are special symmetries such as complex conjugation or triality then a single character can correspond to multiple primaries (background material on these points and the following material can be found in Refs. [2] [3] [4] [5] and references therein).
The partition function is required to be modular invariant: This is ensured if the characters transform as vector-valued modular forms:
where V ik are unitary matrices. In this case it is evident that the diagonal combination with M ij = δ ij always furnishes a modular invariant. If one character corresponds to more than one primary then this degeneracy factor must be included, V ik is then not unitary but can be enlarged to a bigger unitary matrix. Depending on the theory, other invariants than the diagonal one may exist (for details, see [6] ). The problem of classifying all possible theories with a single character (p = 1) has been addressed as follows. In this case the partition function is the modulus-squared of the identity character χ 0 (τ ). In turn, this character is completely determined by the Klein j-function:
where E 4 , E 6 are the holomorphic Eisenstein series defined by:
m,n∈Z Z (m,n) =(0,0) 1 (mτ + n) 2k (1.6)
The allowed combinations of the j function must be such that the resulting characters are single-valued, modular-invariant upto a possible phase, and have only non-negative-integer degeneracies of states above a non-degenerate vacuum state. All these requirements are satisfied by any function of the form 1 :
where δ = 0, , β = 0, 1 2 and P (j) is a polynomial in j whose coefficients must be adjusted so that the q-expansion has non-negative coefficients.
It is not guaranteed that all such functions correspond to genuine conformal field theories. Some examples that are known to correspond to CFT's are the monomial χ = j n 3 which can be identified with the character of tensor-product CFT's of the form (Spin(32)/Z 2 ) a ⊗ (E 8 ) b with 2a + b = n. Another combination that has been successfully identified is j − 744, the character of the Monster CFT. It is less clear whether the remaining combinations describe genuine CFT's. For example Ref. [7] lists 71 possible CFT's with 1 The factor of (j − 1728) 1 2 by itself does not satisfy positivity, so this case is excluded. c = 24, although there are infinitely many potential characters with this central charge, of the form j + N, −744 ≤ N < ∞ 2 . Another example is that of polynomials in j that are tuned to make certain coefficients vanish. These have been proposed to correspond to "extremal" CFT's [8] . However, using mathematical properties of CFT's [9] and some genericity assumptions, some doubt has been cast [10, 11] on the actual existence of CFT's corresponding to these "extremal characters", at least for sufficient large central charge.
From this point of view, the starting point to discover a CFT is to find candidate characters with the desired modular properties. Motivated by the above observations about single-character theories, we would like to know the status of conformal field theories with two characters. In the present work we will look for pairs of characters satisfying the minimal necessary conditions for a CFT, namely that they transform into each other under modular transformations and have power-series expansions in q = e 2πiτ (where τ is the modular parameter of the torus) with non-negative integer coefficients (apart from an overall fractional power). Also, the identity character must have a non-degenerate ground state. We will use the technique of modular-invariant differential equations, which was employed in Ref. [3] and subsequently in Refs. [5] and [12] , to classify a sub-family of two-character theories.
We will encounter some interesting examples with = 2 that have been previously listed in Ref. [5] . We verify that these satisfy the consistency conditions for CFT characters to high orders in the q-expansion. We also rule out the existence of theories at = 3 and discuss some general features for = 4, 5. Next we turn to a detailed analysis of the = 2 case, finding striking parallels in terms of central charges, conformal dimensions, modular transformations and fusion rules with the more familiar = 0 examples of Ref. [3] which were successfully identified with Kac-Moody algebras at level k = 1. We similarly try to identify the Kac-Moody algebras for the = 2 theories and find exotic combinations of level-1 algebras that appear to describe them well in terms of central charge and conformal dimensions.
Modular-invariant differential equations and the Wronskian
The modular transformation properties of characters, Eq. (1.4), indicate that they arise as the independent solutions of a degree-p modular-invariant differential equation. Such an equation must be of the form [1, 3, 13] :
where D is a covariant derivative including a connection term. For the equation to be modular invariant, each term in the differential operator must transform homogeneously under modular transformations with the same weight. To achieve this, we must take:
2 We understand from the referee that a CFT has been rigorously constructed for only 69 of these cases.
Also there may conceivably be multiple CFT's for a given chiral algebra, and even for the character without a chiral algebra. We thank the referee for these observations.
where ∂ ≡ ∂ ∂τ , r is the modular weight of the object on which it acts, and E 2 (τ ) is a special Eisenstein series defined as:
E 2 transforms inhomogeneously (as a connection) under modular transformations and provides us the desired covariant derivative. Note that D augments the modular weight by 2, so an expression like D n χ is shorthand for:
For Eq. (2.1) to be modular invariant, the coefficient functions φ k (τ ) must be modular covariant of weight 2(p − k). It is well-known that holomorphic modular forms are spanned by linear combinations of expressions of the form (E 4 ) a (E 6 ) b for arbitrary non-negative integers a and b, whose weight is 4a + 6b. However, as we will shortly see, we need not require that the φ k are holomorphic. These coefficient functions can be meromorphic, in which case there are many more possibilities involving rational functions of E 4 and E 6 . To classify the possible cases, we note following Ref. [3] that the φ k can be expressed as follows in terms of the independent solutions χ 0 , χ 1 , · · · χ p−1 of the differential equation:
where W k are the Wronskian determinants:
and W = W p . When we refer to "the Wronskian" we will always mean W . Now, the characters themselves must be holomorphic everywhere in moduli space. Thus the only way that φ k can be singular is for W to have zeroes. Clearly the number of poles of φ k is bounded above by the number of zeroes of W . This leads us to classify differential equations by the number of zeroes of W . Because the torus moduli space has two orbifold points: τ = e can completely determine the monomials in E 4 , E 6 that are allowed in the equation. This reduces the unknowns to a finite number of real parameters.
Having fixed p and , the strategy is to write down the most general differential equation consistent with it, insert a power series solution and determine the degeneracies of low-lying levels as functions of the independent parameters of the equation. As indicated earlier, the characters are required to have the power series expansion:
There is an important relation [3] between the exponents α i , the order p of the differential equation and the integer that we have just introduced:
This relation arises from the Riemann-Roch theorem. As we will see, it determines one of the parameters in the differential equation.
Since the a
n are functions of the continuous parameters in the equation, they will not in general be integral or even positive. However for special values of the parameters they all come out to be non-negative integers. This is a very rare occurrence, and can rigorously be verified only by an infinite number of checks, namely computing a
n for all n. In practice we find that if for some values of the parameters the first few a (i) n are non-negative then the remaining ones follow this trend to very high levels (say the first 5000 a n 's). In this case we have a potential CFT.
An additional complication comes from the fact that the differential equation only determines the ratios
. Here a
0 is the degeneracy of the ground state for a given character. For the leading (identity) character, corresponding to i = 0, we must have a (0) 0 = 1, corresponding to a non-degenerate vacuum. Therefore, for i = 0 the calculated quantities
must come out to be integer. For the other (non-identity) characters with i = 0, it is sufficient for the ratio to be a rational number with a common denominator. The denominator can then be ascribed to the degeneracy a (i) 0 of the primary state. Importantly the denominator should not keep growing with n for a fixed i, because then there would be no way to fix the degeneracy of the ground state. Again, in practice we find that for a few very special values of the parameters in the equation, the non-identity degeneracies come out to be rational numbers with denominators built out of a small number of prime factors (typically 2 or 3 such factors) and this property remains stable to very high levels. Indeed in the favourable cases, once we have found certain denominators for the first few a n (say n upto 5 or 6), then no new prime factors occur all the way up to a 5000 . For comparison, in the unfavourable cases the denominators grow rapidly with the steady accumulation of new prime factors. Proceeding as above, we filter out "most" of the possible values of the parameters in the differential equation and are thereby restricted to a discrete set. These are our candidate CFT's. One can then apply more checks to the resulting characters to see if they correspond to a genuine CFT, for example, determining the fusion rules and chiral algebra.
In this paper we apply the above strategy to two-character theories with > 0. To our knowledge, no two-character CFT with > 0 seems to have been explicitly constructed, other than tensor products involving a one-character theory and an = 0 theory (an example is discussed just below Eq. (5.47)). See also Ref. [14] for more discussion on theories with > 0. A set of candidate characters with = 2 were found in Ref. [5] and we will reproduce them in our computations. However to our knowledge nothing more has been known about the underlying CFT's, if any. Note that the minimum for a tensor product theory is 4, because the minimum of a one-character theory is 2. Theories with more than two characters and > 0 are known, for example consider the orbifold line of the free boson at c = 1 at a radius √ 2p. From the operator spectrum of these theories (see e.g. page 785 of [6] ) it is easily verified that they have p + 4 characters and = 3(p − 1). But this series starts with a minimum of five characters.
There also exists a claim [12] about the classification of all two-character theories with arbitrary in terms of a basic set of characters having = 0 (shown in Table I of Ref. [12] ), but some of which do not by themselves fulfil the requirements of CFT (specifically they have negative degeneracies) 3 . This result has been argued using theorems on monodromy representations and apparent singularities, and states that all sets of two characters are tensor products of any of these basic characters with a suitable function of j(τ ). The product has to be chosen in such a way as to render all coefficients in the series expansion non-negative (which is not the case for all elements of the basic set). We notice that in particular, the work of Ref. [12] seems to rule out the existence of two-character theories with = 2, which conflicts with the discovery of such theories both in Ref. [5] and the present work.
Tensor-product theories
Before proceeding with the analysis, let us try to understand how the parameter defined above behaves when we take the tensor product of CFT's. This is important because, while discovering CFT's through differential equations, one always risks re-discovering the product of known theories. Since this issue has not been previously analysed as far as we know, we first consider some general situations and then specialise to the case of two characters. Consider a pair of theories, one with p characters χ i , exponents α i and some fixed , and the other with p characters χ i , exponents α i and some fixed . Generically, the tensor product is the CFT whose pp characters areχ (ii ) = χ i χ i and the exponents areα (ii ) = α i + α i . We would like to know the value of˜ for this theory. Applying the relation Eq. (2.8), we find:
This formula is not completely general, since we will see in a moment that it does not hold in the presence of degeneracies. But first let us assume two distinct, generic CFT's in which case the formula does hold. Then clearly increases upon tensoring the two theories.
As an example suppose that the first theory is a one-character theory, p = 1 with any , while the second is any theory with p characters but = 0. Then the above formula says that˜ = p . Since one-character theories always have > 0, this simply tells us that the tensor product theory acquires a nonzero˜ . A more nontrivial class of examples arises when the two theories have p, p > 1 but = = 0. Then the product theory has non-vanishing˜ = 1 2 pp (p − 1)(p − 1). This appears to imply that if we study differential equations with = 0 and any number of characters, we will never encounter tensor products of theories with lower numbers of characters. However this is only true when we consider distinct theories in the product. The situation is different when we take tensor products of identical theories, because of the degeneracies mentioned above. Indeed, the above formula and its consequences are invalidated whenever two or more distinct primaries have degenerate conformal dimensions. One concrete class of examples is provided by tensoring any p-character CFT with itself. If the original theory has p primaries then the product has p 2 primaries, but some of them are pairwise degenerate and there are only
independent characters. In this case, one finds a different formula:
If the original theory has more than p distinct primaries of which some are degenerate, then the product theory has higher degeneracies but the formula above continues to hold. In particular, the above discussion tells us that the square of a two-character theory with = 0 is a three-character theory that also has = 0. This phenomenon persists for higher tensor products. If we take the nth tensor product of a two-character CFT having a given value of , then the resulting theory has n + 1 characters and:
This immediately proves that the class of CFT's with p characters and = 0 is non-empty for all p. It also tells us that when studying theories with = 0 and a fixed number of characters, we will definitely encounter powers of = 0 theories with lower numbers of characters. Note also that if we take powers of theories with more than two characters then always increases. Consider the nth power of a p-character theory with some value of . The resulting theory has p n primaries but onlỹ
characters. To find the formula for˜ of the composite theory, we need to know the sum over all exponentsα i . This is found as follows. Consider all ordered partitions {n i } of n into precisely p numbers n i that take the possible values 0, 1, 2, · · · , n. Thus n = p i=1 n i . Now let us pick the first integer n 1 and calculate q = {n i } n 1 . Clearly this number would be the same had we summed over any of the other n i . q counts how many times a particular exponent α i of the original theory appears in the product theory. Therefore:
where i runs over characters of the original theory and j over characters of the product theory. It is straightforward to verify that
Then the formula for˜ of the composite theory is:
withp and q given by Eqs.(3.4) and (3.6) respectively. One can easily check that this reproduces the formula in Eq. (3.2) for n = 2 and arbitrary p, as well as Eq. (3.3) for p = 2 and arbitrary n. Also, the first two terms in the above expression add up to a positive number for all p > 2. This proves our statement that when tensoring theories with p > 2, the value of always increases. In principle one can generalise tensor products to orbifolds of tensor products. This might enable us in principle to recover theories with small numbers of characters and low values of from other such theories, but we defer this for future work.
Two-character differential equations
We now turn to the formulation and analysis of modular-invariant differential equations for two-character CFT's. The most general such second-order equation is of the form:
where D is the covariant derivative defined in Eq. (2.2). We want to determine the possible coefficient functions φ i (τ ) for the lowest allowed values = 0, 2, 3, 4, 5. For = 0 this was done in Ref. [3] while the = 2 case was investigated in Ref.
[5] to a few orders. We will investigate = 2, 3 in detail and will see that they are as tractable as = 0, while for ≥ 4 there is at least one additional parameter in the equation and the standard Diophantine analysis is not so straightforward. Since D carries a modular weight of 2, φ 1 must have modular weight 2 while φ 0 has modular weight 4. If = 0 they are both non-singular, and it follows immediately that φ 1 = 0, φ 0 ∼ E 4 (τ ). The 2nd order equation with = 0 is therefore:
where µ is a parameter. For convenience we have definedD ≡ D 2πi which simplifies all the expressions. The above equation can be written more explicitly in terms of ordinary derivatives as:
. Next consider = 2. In this case φ 0 and φ 1 can have a pole of maximum degree 1 3 (the fractional degree means that the pole, if it occurs, must be located at τ = e iπ 3 and counts as a 1 6 -order pole). Now E 4 has a double zero at this point, while E 6 is nonvanishing. Thus we find φ 1 ∼
. On the other hand, there is no weight-4 expression that can be made from E 4 , E 6 that has a single power of E 4 in the denominator. Hence we must have φ 0 ∼ E 4 . The = 2 equation is therefore:
It appears that we now have a two-parameter equation but, as we will see once we start analysing it, µ 1 is completely determined given the order of the equation and the value of . Thus we will only have to scan over one real parameter. For = 3, the only possibility is a zero at the point τ = i, which counts as a 1 2 -order zero. Thus we cannot have any power of E 4 in the denominator. However E 6 vanishes at the point τ = i, where it has a zero of degree . On the other hand there is no modular object of weight 4 with E 6 in the denominator. Thus again, φ 0 ∼ E 4 . The = 3 equation is then:
As in the previous case, it turns out that µ 1 is determined. For = 4, we can allow φ k with at most E 2 4 in the denominator. Modular weight considerations then lead to φ 1 ∼
, E 4 . The = 4 equation is thus:
We see that the equation now has three parameters. After fixing one of them as before, we will find two free parameters to be scanned. The equation for = 5 is a little more subtle. We can allow E 4 , E 6 and E 4 E 6 in the denominator, however there is no expression of weights 2 or 4 that achieves the last one. The most general equation is therefore:
For = 6 we can now admit a full zero in the interior of moduli space (for ≤ 5 we only had fractional zeroes confined to the orbifold points on the boundary). And for large the number of parameters grows as ∼ 2 . Some interesting observations can be made about these cases, but in this part of the discussion we restrict ourselves to the lowest-lying cases ≤ 5 and return to general at the end.
5 Analysis of the solutions
To find solutions of Eq. (4.2) that are potential CFT's, insert the series expansion χ = ∞ n=0 a n q α+n and E a (τ ) = ∞ k=0 E a,k q k into the equation. This leads to:
The n = 0 equation is the "indicial equation":
Denote the roots of this equation by α 0 , α 1 in increasing order, then:
Now we can use the n = 1 equation to get:
The two values of α 0 , α 1 give rise to the corresponding quantities m
1 and m
1 . In the former case this is the degeneracy of the first excited state in the identity character, while in the latter it is the ratio of the degeneracies of the first excited state and the ground state for the character of a nontrivial primary. Since µ is symmetric in α 0 , α 1 we can combine Eqs.(5.3),(5.4) and write:
for i = 0, 1. As a check, the SU(2) WZW model at k = 1 has two characters with α 0 = − 
1 = 1. The first value is the dimension of SU(2) while the second value, along with the fact that the primary is doubly degenerate (being spin-1 2 ) tells us that there are two excited states above this primary. We can find some more constraints that turn out to be special to two-character theories. Setting i = 0 in the above equation and using α 0 = − c 24 we get:
This places an upper bound c < 10. Also, by a little manipulation we find (we temporarily drop the (0) superscript on m 1 to simplify the notation):
from which it follows that 5c is an integer. To summarise, for theories with two characters and = 0 we have shown that c is a multiple of 1 5 and bounded above by 10. Now let us find all possible CFT characters that satisfy this equation. For this, notice from Eq. (5.7) that 5c will be rational only if the discriminant:
is rational. Since m 1 has to be an integer, this can only be so if the above square root is in fact an integer. Thus we have:
for some integer N . To solve this, we shift N by an integer amount that absorbs the first two terms on the left. Thus:
Inserting this into the above equation we find:
This tells us thatÑ is a negative even integer with 0 < |Ñ | < 120, and it must divide 7200. AlsoÑ and Each of these can be used to find the corresponding value of c from Eq. (5.7). Thereafter one can compute a
n for both i = 0 and 1 and over a large range of n. The results were reported in Ref. [3] , where 10 pairs of potential CFT characters were found. A couple of subtleties arose there that could be relevant for our subsequent investigations. First of all, a one-character theory appeared in the set corresponding to the E 8 affine Lie algebra CFT at level k = 1, with c = 8. Second, a nonunitary minimal model appeared there. To discover this, one had to admit the possibility that α 0 = − c 24 is the higher of the two α s, this happens only when the nontrivial primary has a negative conformal dimension. On doing this, a non-unitary CFT with c = − 22 5 and h = − 1 5 was found in the list. This is the famous Lee-Yang edge singularity CFT. This teaches us that we must keep our eyes open for possible non-unitary CFT's and whenever necessary, reinterpret the formulae accordingly.
We now turn to an analysis of cases with > 0.
= 2
Here we work with the equation:
Reduced to ordinary derivatives, this reads:
It is useful at this stage to introduce the Ramanujan identities satisfied by the Eisenstein series:D
whereDf ≡∂f − r 12 E 2 f and r is the weight of f . These will be helpful in rewriting the recursion relations in a form linear in the Eisenstein series. Multiplying the above differential equation by E 4 and using the second Ramanujan identity in Eq. (5.15) to eliminate the product E 2 E 4 , we have:
Inserting the mode expansion, we find:
. The indicial equation arises for n = 0:
Now we employ the identity Eq. (2.8) with p = 2, = 2 to get:
At the same time the indicial equation tells us that α 0 + α 1 = −μ 1 . It follows thatμ 1 = 1 6 . Thus, as promised, there is only one free parameter, µ 2 , in the equation. Moreover, we learn that:
The next step is to consider the n = 1 equation, which leads to:
Restricting to i = 0, dropping the superscript on m 1 to simplify the notation, and assuming that α 0 = − c 24 (we temporarily ignore the caveat at the end of the previous subsection) we find:
We
shows that again, 5c is an integer. Applying the same analysis as in the previous subsection, we have:
where N is an integer. Now we shift:
As before, this has the effect of removing all terms in m 1 from the LHS, but it introduces a term m 1Ñ . One can then divide out byÑ to solve for m 1 : n . If this comes out negative then the candidate is not a consistent CFT. To start with, we examine these numbers up to n = 20 and find that they are all non-negative. They are generically fractional and display two markedly different kinds of behaviour. For some candidate theories, m (1) n is a fraction whose denominator is relatively small and contains only two or three prime factors. By the time we reach n = 10 this denominator is "stable" in the sense that new denominator factors do not appear. In such cases we may assume the ground state has a degeneracy equal to the largest denominator encountered. This then leads to non-negative integer values for the degeneracies of all the excited states. However, in other cases the denominator keeps increasing steadily as we increase n. In this situation we must exclude the candidate.
Among the list of 10 candidates in Eq. (5.28), precisely one has growing denominators by the time we reach the 10th level, namelyÑ = 20. We checked this case upto the 1000th level and found that the denominator has grown to be of order 10 1250 . It must be admitted that we do not know of a mathematically rigorous way to assure that the denominator does not stabilise at some higher level, but the evidence seems rather compelling that it does not. Moreover, we can easily explain this candidate theory, which has c = 16 and m 1 = 496. At these values we know a single character that is modular invariant upto a phase, namely χ = j . This corresponds to the famous level−1 E 8 × E 8 and Spin(32)/Z 2 CFT's. This character has = 4, but one can easily show that it also arises as one solution of a second-order = 2 differential equation whose second solution is a spurious character (an analogous situation arose in Ref. [3] for the c = 8 case). Thus we can confidently exclude it from consideration here.
It is noteworthy that if we look at the behaviour of the nontrivial primary character for cases already ruled out by examining the identity character (i.e. cases not in the list of Eq. (5.28)), then we find that many of them have increasing denominators. Thus the consistency criteria applied independently to the identity and the nontrivial primary characters seem to largely point to the same conclusions, although in the former case the criterion (non-negative integers) is rigorous, while in the latter case the criterion (nongrowing denominators) is hard to make rigorous.
At the end we find a list of 9 potentially consistent sets of characters, shown in Table 1 together with the corresponding leading degeneracies, central charges and dimension of the nontrivial primary. The heading "App. degen." in the last column denotes the apparent degeneracy of the nontrivial primary. This is only a lower bound -the minimum number by which the character should be normalised such that the coefficients become integer. Table 1 was generated just by considering degeneracies upto n ∼ 10. The acid test is now to check whether the degeneracy of the identity character m (0 n and of the nontrivial primary m (1) n are non-negative integers (after choosing a fixed ground-state degeneracy in the latter case) upto a very large value of n. Remarkably, we find that every one of the above candidates satisfies both criteria upto n = 5000. This stability is remarkable, and strongly suggests that these 9 theories correspond to conformal field theories. It can be seen from the table that 1 are rational numbers with rapidly increasing denominators. It is noteworthy that the table above closely matches that for = 0 theories with two characters, first found in Ref. [3] . There is a close similarity between the spectrum of central charges and conformal dimensions. This is examined at greater length in Section 6 below.
In Ref. [5] , a class of characters with = 2 was found by a different and powerful method (independently discussed in Ref. [4] ). First, the original = 0 differential equation is mapped to a Fuchsian equation in the Picard λ-function, in terms of which explicit solutions can be found for the characters in terms of hypergeometric functions. These are then examined directly to check positive integrality of the coefficients in q. Taking this idea further, Ref. [5] proposed a general form for the characters by treating the jfunction, or rather its inverse g(τ ) = 1728 j(τ ) , as the independent variable. By looking at the coefficients at low values, a list of potential characters with = 2, 8, 10 were found. The central charges and conformal dimensions in that paper for = 2 are in perfect agreement with our computations. The additional power of the method of Ref. [5] , however, is that it directly provides the degeneracy of the non-identity character while as we indicated, our numbers are only lower bounds. The actual degeneracies computed in Ref. [5] do not all match the entries in our table, being much larger in many cases, but are divisible by them.
Another work related to our discussion is Ref. [12] . Here the same Fuchsian differential equation method is used, but only for = 0, and the condition of positivity of coefficients is relaxed. Looking at all the central charges in Table 1 of that paper, we find that after shifting the central charges by 4, the 12th to 20th entries of Table I of that paper can be matched with the entries of our table above. Moreover, the conformal dimensions of the nontrivial primary also match. However, the degeneracies of the nontrivial primary do not match at all -for example our theory c = [12] , but we find the primary to be 15847-fold degenerate while that reference finds the degeneracy to be 12857. More significant is that one cannot perform a shift of c by 4 using any of the standard functions of j, which is why the analysis of Ref. [12] admits shifts only by multiples of 8 or 12. It appears therefore that the results of Ref. [12] cannot be literally correct, in fact if true then they would exclude the characters in our Table 1 . Nevertheless, it is a potentially useful idea to try and classify all > 0 theories in terms of those with = 0 and we hope to address this question in the future.
= 3
In terms of ordinary derivatives, this can be written:
Multiplying through by E 6 , using the Ramanujan identity Eq. (5.15) to eliminate E 2 E 6 , and inserting the mode expansion, we have:
,k a n−k = 0 (5.31)
Now we employ the identity Eq. (2.8) with p = 2, = 3 to get:
At the same time the indicial equation tells us that α 0 + α 1 = −μ 1 . It follows thatμ 1 = 1 3 . Thus, as promised, there is only one free parameter (µ 2 ) in the equation.
The next step is to solve for m 1 in terms of α. We find: This again shows that 5c is an integer. Following the steps outlined previously, we end up with:
This tells us thatÑ has to be a negative even integer that divides 46080. We can restrict to the range |Ñ | ≤ 160 because after this m 1 becomes negative untilÑ = −576. After that it turns positive again, but this range is related to the first one by the symmetryÑ → 92160 N . It follows that the allowed values ofÑ are: 4, 6, 8, 10, 12, 16, 18, 20, 24, 30, 32, 36, 40, 48, 60, 64, 72, 80, 90, 96, 120, 128, 144, 160} (5.37) We now subject these cases to the same tests as in the previous subsection ( = 2) and find a strikingly different result. At the first level, we find that m n vanish and the second character has no tower associated to it. It is easy to see that the first character is nothing but j(τ ) . Thus, once more we find the E 8 , k = 1 theory.
We conclude that there are no new two-character CFT's with = 3. It is amusing to note that there are also no 1-character CFT's with = 3. The only candidate for this would have been (j − 1728) 1 2 , but this unfortunately contains negative coefficients in the power-series expansion. However we do know of at least one CFT with = 3. As mentioned at the end of Section 2, this is the Z 2 orbifold of a free boson at radius 2 (corresponding to p = 2) for which there are 6 characters.
= 4
Here, for the first time, we encounter an equation where there are more free parameters than roots. In terms of ordinary derivatives, and after multiplying throughout by E 2 4 , Eq. (4.6) can be expressed:
Here we have made use of the fact that modular forms of weight 12 are proportional to an arbitrary linear combination of E 3 4 and E 2 6 , and have chosen one of the linear combinations to be ∆ defined in Eq. (1.5). This is convenient because ∆ has no constant term in the q-expansion. The constants have been relabelled to (µ 1 , ν, µ) for convenience.
To write it as a linear equation in the Eisenstein series, we again use the Ramanujan identities Eq. (5.15) to get:
In terms of modes, this is:
Comparing with Eq. (2.8) with = 4, we see that µ 1 = 2 3 . Then we have:
Next, considering the recursion relation Eq. (5.40) for n = 1, we find:
The presence of the extra parameter µ means that we must now look for a pair (α, µ) that makes m 1 a non-negative integer. As we will see, this is an infinite list. So let us start by making a number of general statements. First of all, if α is rational and m 1 integer then the above equation tells us µ is rational. Second, if we find any pair (α, µ) that makes m 1 an integer, then we can always shift
where n is an arbitrary integer, which has the effect of shifting m 1 → m 1 + n. This in particular generates an infinite set of possibilities. This means the approach that was followed for = 0, 2, 3 will not work here.
We will see below that a Diophantine equation emerges if we also require m 2 to be a non-negative integer. But first let us consider the discriminant obtained as in the previous sections, which this time comes out to be:
Since µ need not be integer, we can no longer impose that the above is a square of an integer N . To consider one example, let us arbitrarily choose µ = 0. In this case the previous type of analysis applies, and we find:
ThereforeÑ must be an even integer that divides 38880. We also have an equivalence underÑ → − The choice µ = 0 was, of course, arbitrary. Indeed the negative result above supports the notion that characters satisfying the conditions to describe CFT only occur in very special places. We can exhibit at least one interesting choice for µ for which CFT's are known to exist. To see this, recall that if we tensor any of the 2-character = 0 theories having a given α 0 with the 1-character theory whose character is j 1 3 , namely the E 8 theory at k = 1, we end up with a 2-character theory with = 4. This tensored theory has a central charge shifted by 8 from the original 2-character theory, which means α 0 is replaced by α 0 − Returning now to general µ, we can use the recursion relation with n = 2 to find: 
Unlike the preceding equation, this is quadratic in x and the coefficients are determined in terms of non-negative integers m 1 , m 2 . Thus the discriminant must be the square of a non-negative integer:
In this way we have achieved a Diophantine equation. We cannot show as before that this has finitely many solutions, indeed in this case there may well be infinitely many solutions. But at least they are now labelled by integers. This is an (admittedly slight) improvement over the previous equation which was labelled by an arbitrary rational number µ. We will not pursue the case of = 5 here, because the considerations are similar to = 4. The situation for = 4, 5 is in fact quite similar to that of three-character theories with = 0. In both cases there is a differential equation labelled by two parameters (in the former case, α 0 and µ, while in the latter, α 0 and α 1 ). However in the latter case we know more: as pointed out in Ref. [4] , there are several infinite families of three-character CFT's with = 0, including the SO(N) WZW models at level k = 1 for arbitrary N . We hope to return in future to a discussion of this family of differential equations.
6 Chiral algebras for the = 2 characters 6.1 Identifying potential current algebras As we saw above, there appears to be a set of 9 two-character CFT's with = 2. These originally appeared in Ref. [5] and we have confirmed that they satisfy the desired properties to high orders in the q-expansion. However to date, there has been no analysis of these theories in terms of identifying their chiral algebras and help us understand what precisely they are, if indeed they are completely consistent as CFT's. In this section we take a step in this direction, with encouraging results.
Before going ahead with this analysis, let us note a striking resemblance between certain aspects of the = 2 characters in Table 1 of the present paper and the = 0 characters in Table 1 of Ref. [3] . Ignoring the last entry in the latter paper which is the one-character E 8 theory, we have precisely 9 entries in each table. There is an evident relation between the central charges, namely that those in the former table are obtained by adding 16 to those in the latter table. Moreover the conformal dimensions of the nontrivial primary in the former table are obtained by adding 1 to those in the latter table. On the other hand, there is no obvious relation between the m 1 in the two tables, nor between the degeneracies of the non-trivial primaries. There is no way to explain the observed relation by tensoring the = 0 characters with those of a 1-character theory (functions of j). To see this, note that in order to have a shift of c by 16, one would have to postulate thatχ i = j 2 3 χ i where χ i are the = 0 characters andχ i are the = 2 characters. However this immediately means that the theory whose characters areχ i has = 4 rather than = 2. Moreover such a simple relation would mean thatm 1 = m 1 + 496 and that the ground-state degeneracy ofχ 1 is the same as that of χ 1 . However, neither of these is the case. Thus the = 2 theories, if they are completely consistent with the axioms of conformal field theory, have to be independent CFT's and not tensor products.
Let us now proceed to analyse the current algebras of these theories. To this end we use the proposal in Section 6 of Ref. [4] on how to identify the current algebra for a given set of characters. The idea is to consider a CFT whose chiral algebra is the sum of a number of simple Kac-Moody algebras: G = ⊕ i G i . We start with the Sugawara relation:
where k i is the level of the ith algebra, dim G i is the dimension of the associated finitedimensional Lie algebra and (c v ) i is the dual Coxeter number of this algebra. Now let us try to guess a combination of Kac-Moody algebras that underlie a given CFT when we know the central charge c of that CFT as well as the integer m 1 , the number of states at first level above the identity character. Since all such states are of the form J a −1 |0 where |0 is the vacuum state, m 1 counts the total number of Kac-Moody currents. It follows 4 that:
While the above equations allow for different constituent algebras with arbitrary k i and (c v ) i , there is a stronger result in Eq.(6.27) of Ref. [3] . This states that for two-character theories 5 , each constituent algebra separately satisfies:
Thus, we only need to look for factors that all have the same value of cv k . Let us apply this case-by-case to the theories listed in Table 1 . For simplicity we restrict the search to k i = 1 although there could well be more solutions at higher levels (and we will provide one such example later). The goal at this stage is to see whether there exist any possible current algebras that can potentially arise in our = 2 theories. Even at level-1 we will find one or more solutions in every case, except the first and last.
We first list out all the algebras whose value of c v equals
c −1. Next we identify those whose dimensions, with positive integral coefficients, add up to m 1 . The considerations above ensure that the central charges likewise add up to the correct value. The Lie algebras with the right c v , as well as the combinations of these that can reproduce the required c and m 1 (after eliminating the standard equivalences at low ranks) are shown in Table 2 . Table 2 shows that there are one or more candidates in all cases, except the first and last one. Now it happens that one can rule out the first and last theory anyway, as follows. It was shown in Refs. [3] , [4] that the = 0 theories with c = 2 5 , 38 5 are both inconsistent as they stand, because the fusion rule coefficients [15] calculated for these characters are not all positive integers. Instead, one of them turns out to be equal to −1. The first of these theories could be rescued by interchanging the role of the identity and nonidentity characters, whereupon it became a non-unitary theory. This was possible because in that case both characters had non-degenerate ground states. The same interchange is not possible for the theory with c = 38 5 because the nontrivial primary has a 57-fold degeneracy and therefore one cannot interchange it with the identity character [4] . If now we consider the corresponding = 2 theories with central charges , we find that in both cases the nontrivial primary has a large degeneracy (at least 902 and 32509 respectively, as we see from Table 1 ). Moreover, it has been shown in Ref. [5] that this pair has the same modular transformation matrices (and hence fusion rules, from the Verlinde formula Ref. [15] ) as the corresponding = 0 pair. It follows that they suffer from a negative fusion-rule coefficient and are not consistent CFT's. The fact that we cannot find even one potential Kac-Moody algebra for them is in agreement with this.
This leaves 7 theories, corresponding to entries 2 − 8 of 
None None Note that although we have identified one or more potential Kac-Moody algebras that are symmetries of the = 2 theories, these theories are certainly not the WZW models of those algebras. For example if we simply take 23 copies of A 1 at level 1, the resulting theory with c = 23 has 24 characters and from Eq. (3.3) it has = 0. This is quite different from the desired theory in our list, which of course also has c = 23 but just two characters and = 2. We will leave for the future the question of completely classifying the possible Kac-Moody algebras for these characters, as well as of deriving the corresponding theories from those algebras.
Some basic consistency conditions
In order to support our conjectured identification of the current algebras for the theories in Table 2 , we focus attention on the nontrivial primary. Given that our = 2 theories are not simply the WZW models of those algebras, it must yet be true that the single primary of our theories arises as a subset of the primaries of those (in general tensored) algebras, and our characters must be a combination of those characters. Running through theories 2 − 8 of Table 1 , we now ask in each case whether the conformal dimension of the nontrivial primary can arise as a combination of level-1 primaries of the algebras listed in Table 2 . The theories based on these current algebras will always have additional primaries which have to be eliminated. This would correspond to taking some suitable non-diagonal combination of the characters. We postpone for the future the goal of finding this combination in each case, and will content ourselves with the basic test of identifying the desired primary within the representations of each possible current algebra. The results are as follows.
Theory 2, c = 17
The primary in this theory has dimension The primary of this theory has dimension . Tensoring two E 6 primaries with one E 6 identity, which can be done in 3 ways, also generates a field of dimension This theory has a primary with h = 7 5 . There is a unique candidate algebra, C 8 ⊕ F 4 . The F 4 algebra has a primary of dimension This theory has a primary with h = . Thus in the first case the only way to recover the desired primary is to take the G 2 primary four times, tensored with the identities of the other algebras. In the second case the power of G 2 is less than 4, however we are saved by the option of taking the h = . We see that in the first two cases, the desired primary is found as five copies of the A 2 primary. However this is no longer an option in the last case and there is no other way to generate h = . Thus we just have to tensor the latter with itself 7 times, and with the A 1 identity 16 times.
To summarise this section, the successes encountered so far provide strong encouragement that the = 2 characters do indeed describe consistent, novel two-character CFT's.
Conclusions
We have revisited the classification of all RCFT's with two characters that satisfy a oneparameter differential equation. This case arises only when the number of zeroes of the Wronskian of the characters is 0, 2, 3. For = 2 we verify the existence of 9 candidate CFT's, all with central charges in the range 16 < c < 24, in agreement with a prediction of Ref. [5] . Further analysis is required to verify if these are fully consistent CFT's, for example their correlators satisfy the consistency conditions of Ref. [16] . For = 3 we were able to completely rule out the existence of any CFT's. Perhaps the most tantalising new result is the identification in Section 6 of current algebras that appear to govern the = 2 CFT's, which deserves to be explored further.
Now that it has been described in detail, let us briefly summarise our approach. First, obtain the recursion relation from the differential equation and write down the cases n = 0, 1. The first one gives rise to the indicial equation. The sum of roots is determined by the Riemann-Roch identity, Eq. (2.8), hence only one of the exponents (which we take to be α 0 = − c 24 ) is independent. Now the indicial equation relates the product of roots to the free parameter in the equation, hence the latter gets determined in terms of α 0 . Solving the recursion relation for n = 1 gives us the first-level degeneracy m 1 in terms of α 0 . The resulting quadratic equation for α 0 must have a rational discriminant in order to give rational exponents. Because m 1 is integer, the rational discriminant must in fact be an integer, and this gives a Diophantine equation which for = 0, 2, 3 has only a finite, small number of solutions. Finally, by looking at the degeneracies of the first excited state in the identity character, we attempt to guess the relevant Kac-Moody algebras for these characters.
We have not yet been able to explain the close correspondence between = 0 and = 2 two-character theories, which includes a relation between central charges and conformal dimensions, and this deserves further investigation. It would also be interesting to settle the question of existence of two-character theories with > 2, other than tensor-product theories. A few sporadic cases were listed in Ref. [5] . Similar questions may be addressed for three-character theories.
By itself, the approach of classifying RCFT through modular-invariant differential equations, first proposed in Ref. [3] , becomes prohibitively difficult for large numbers of characters. However in recent times there have been new insights into the origin of these equations due to the seminal work of Y. Zhu [9] that directly relates them to null vectors for chiral algebras. A hybrid of the differential-equation and null-vector approaches should be useful in taking further the classification programme. Also one may try to relate it to the general theory of vector-valued modular forms, which has been explored in recent years [17, 18] . Finally, it would be interesting to link this approach to a number of recent general observations about the spectrum of RCFT (for example, in Refs. [19, 20] ) as well as to AdS 3 gravity on the lines of Ref. [21] .
negative integer or fractional value, the theory would have been eliminated from consideration. The column m (1) n displays the ratios of excited-to ground-state degeneracies for the non-identity character. We see that the denominators are consistently made up of divisors of 551 = 29 × 19. Most of the time it is 551 that occurs, but in one of the entries we find a smaller denominator of 29. An additional factor of 59 in the denominators occurs already at low levels (below those displayed in the table). Therefore the minimum degeneracy of the non-trivial primary must be 19 × 29 × 59 = 32509, as displayed in Table 1 . Scanning the entire list of denominators up to very high levels, we find that no denominator higher than 32509 occurs and most of them are in fact equal to 551, with sporadic occurrences of 29 or 19. It must be admitted that looking at examples up to level 5000 or any other arbitrarily chosen number cannot really rule out additional denominators. What seems more significant is the stability of these denominators over a significant range of levels, in contrast to the badly-behaved case that we discuss next which is generic in most of the theories we have ruled out.
Level n m A n n(n + 2) n + 1 n 2n(n+2) n+3 B n n(2n + 1) 2n − 1 n +
